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, Abstract: The existence and L°° estimate of positive solutions are discussed for the following Schrodinger- 

' Poisson system 
\ 

O^- ( -Au + {X+ j:^)u + (j){x)u = \u\P^^u, x = (y, , 

! ] -A0 = m2, lim (j>{x) = 0,y^ {xi,X2) G with \y \ = + x% (^-^^ 

where A ^ 0, a € [0, 8) and max{2, ^} < p < 5. 
Ph ■ Key words: Schrodinger-Poisson equation; singular potential; nonnegative PS sequence; positive solu- 

\ tion. 
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1 Introduction 

In this paper, we study the following type of Schrodinger-Poisson equations 



-Au + V(x)u + (i>{x)u = \u\P^^u, 

-A0 = u2, lim (^(a;) = 0, x = (xi, X2, z) G M^^ (1.1) 

|2;|— >-+oo 



where p G (2, 5), and the potential function V(x) is of the form 



> 

(N 
00 

O ■ y^-x) = A + A ^ 0, a e [0,8) and \y\ = ^x\+xl. 

(N ■ 

Problem (fri|) can be viewed as the stationary problem of the following coupled Schrodinger-Poisson system: 

r z7At-A^ + 0(a;)i^ = /(|V|)^, 
X: ^ -A^i^lV'P, lim 0(cc)=O, xeM^^ (1-2) 

where = IV'I''"^''/' + '^o^i > 0, 2 < p < 5 and V' : M'' x M — > C. In fact, motivated by [8], we may 

seek a solution of (|1.2p with the following type: 



^(x,t) = u(a;)e^(''(^)+"*), u(a;) > 0, ^{x) G R/27rZ, a; > wq. 

Then, by (|1.2p . u should satisfy a system 

-Au + (w - Wo + |V77(a:;)p)M + 0(x)u = IwIp-^m, 
uAr]{x) + 2VuVri = 0, 
-A</) = u2, lim 0(x) = 0, xgM^. 
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Furthermore, similar to [51 for x £ R^, if we let u{x) — u{y, z) — u{\y\, z) and 




arctan(a;2/xi), if xi > 0, 
arctan(a;2/a;i) + tt, if xi < 0, 
7r/2, if xi = and X2 > 0, 
— 7r/2, if xi ~ and X2 < 0, 



it is easy to see that ri{x) e C^(M^ \ r_), where T_ := {(xi, a;2, -z) G : xi = 0, a;2 < 0}. By a simple 
calculation we know that 

Ar](x) = 0, \/ri(x) ■ Vw(x) = 0, Nr](x)\ = -r^r, for x G \ T_. 

|y| 

These show that u{\y\, z) is actually a nonnegative solution of (|l.ip with a — 2 and A = oj — uiq. Furthermore, 
'4'{x) solves (jl.2p with angular momentum: 

M(V') = Re / itpx A V-0dx = - / m^x A Wv{x)dx = -(0, 0, |M|i2). 

For problem (jl.ip . more and more results have been published under various conditions on the potential 
function V{x) and on the nonlinear term for examples, if V{x) = const, that is a = in (V), the 

non-existence of nontrivial solution of (jl.ip for p ^ (1,5) was proved in [13] by a Pohozaev type identity, a 
radially symmetric positive solution was obtained in [IT] and [Hj for p G [3,5), etc. It is known that we 
may find a nontrivial weak solution of problem (jl.ll) by looking for a nonzero critical point of the related 
variational functional of problem (jl.ll) . It is also known that the weak limit of a so-called Palais-Smale 
sequence ((PS) sequence, in short) of the variational functional is usually a weak solution, but it may be a 
trivial solution unless we can prove that the variational functional satisfies the Palais-Smale condition ((PS) 
condition, in short), that is, a (PS) sequence has a strongly convergent subsequence. However, without 
condition (jl.3p below, it seems very difficult to show a (PS) sequence converges strongly. In this paper, 
instead of trying to prove the (PS) condition, we adapt a trick used in [7], which is essentially a version of 
the concentration-compactness principle due to [22], to show directly that the weak limit of a (PS) sequence 
is indeed a nontrivial solution. For this purpose, we have to ensure that the (PS) sequence obtained by the 
deformation Lemma [23] is nonnegative and 4>{x) is bounded in Z?^'^(R'^), this is because there is a term 
(j){x)u appearing in problem (II. ip . which is usually called a nonlocal term. As a by-product, in this paper 
we provide a simple approach for getting a nonnegative (PS) sequence and a bound of (t){x) in D^''^{E?), see 
Lemma this may be useful in certain situations. Note that in fS] [TUl dH [7] the authors studied the single 
stationary Schrodinger equation, that is, the first equation of (jl.ip with (/'(x) = (i.e. without nonlocal 
term), in this case it is not necessary to seek a nonnegative (PS) sequence, see e.g. I5|[7]. It seems no any 
results for Schroding-Poisson system ()l.ip under condition {V) with a > 0. We should mention that our 
results of this paper cover the case of a = 0, that is, the constant potential case. In this paper, we give also 
a priori estimate for solutions of (|l.ip . see Lemma WM and get also a classical solution (except \y\ — 0) for 
(ITT]) with A = 0, a € (0, 8) and max{2, ^} < p < 5. 

For problem (jl.ll) with constant potential, i.e. taking a = in {V), the existence and nonexistence 
results were established by Ruiz in [5T], he proved that (II. ip has always a positive radial solution if p e (2, 5) 
and does not admit any nontrivial solution if p ^ 2. A ground state for (jl.ip with p £ (2, 5) was proved 
in [3]. The existence of non-radially symmetric solution was shown in [15) and multiple solutions for (jl.ip 
were obtained in [2j[Tl]. If the potential V{x) is not a constant, problem (II. ip has been studied in [4] for 
p € (3, 5) and '26' for p € (2, 3]. (jl.ip with more general nonlinearities has been studied in [1] [S] [20l [23l 125] . 
etc. To ensure that the variational functional of problem (jl.ip satisfies the (PS) condition, in the papers 
[4], [26] the following conditions are assumed 

Vix) V^o = liminf y(a;), (1.3) 

|2;|— ^oo 

2V{x) + {VV{x),x) ^ a.e. x e (1.4) 

It is clear that the above conditions are not true for the potential given by (V). So, we cannot follow the 
same tricks as that of [H [26j to deal with problem (jl.ip . Without condition (jl.4p , it seems difficult even in 
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showing that a (PS) sequence is bounded in the working Sobolev space, specially in the case of p G (2,3). 
Motivated by [6], here we try to find a bounded and nonnegative (PS) sequence directly from the well-known 
deformation Lemma ([M], Lemma 2.3). 

Before stating our main results, we introduce some notations, definitions and recall some properties of 
the solution of the second equation (Poisson equation) in (jl.ip . For a > and x = (y, z) G x M, define 

= {7i(x) € D^^2(R3) : u(a;) = u(|y|,z) and / |-|^cia; < oo}, (1.5) 

Js? \yr 

and for A > 0, we denote 

H = {ue E : \ / u^dx < oo}. 
Clearly H C E, H C ff^(R'^) and H is a Hilbert space, its scalar product and norm are given by 

{u,v)h — / u\/ V + V\{x)uv]dx and \\u\\% — {u,u)h, (1-6) 

respectively, where V\{x) = A + 

Throughout this paper, we denote the standard norms of iJ^(R'^) and L^'(R'^) {1 ^ p ^ +oo) by || • || and 
II • lip, respectively. Then, (II. 6p implies that || • ||ff is an equivalent norm of || • || if a = 0. 



x) 0„(a;) = / " ^^\ dy, for any u G £^(R^), (1.7) 



By Lemma 2.1 of [21], we know that —A(j){x) = has a unique solution in D^''^{M.'^) with the form of 

\x - y\ 

and 

\VMx)\2^C\u\ly„ f M^Wdy^C\u\%,. (1.8) 

JR3 

For A > and u E H, we can define the variational functional of problem (II. ip as follows: 



I{u) :^ hiu) ^ - (\yu\' + Vx{x)u')dx + - dx — / \ur'dx. (1.9) 

2 Jr3 4 Jr3 p+1 Js_3 

Since (fTSl . /a is well defined on H and Ix G C^(i7,R) with 

(/;(.),.) = / (v.v. + y.(.)H^.+ / M^)uvdx- [ wr'uvdx (1.10) 



for all V £ H with A > and p G (1, 5). Furthermore, it is known that a weak solution of (|l.ip corresponds 
to a nonzero critical point of the functional J in if A > 0. 

However, if A = 0, then H — E. In this case, (|1.7p (jl.Sp are not always true for u E E. Therefore, the 
integrations \u\^dx, J^a (pu{x)u^dx and J^^ (l)u{x)uvdx may not be well defined for u, v E E. 

In this paper, we want to establish some existence results for problem (jl.ip for both A > and A = 0. 
To this end, we set 



T = {a; G M'' : |y| = 0} where \y\ = ^xf + x^. (1.11) 

Hence, by an approximation procedure, see Section 4, we can find a weak solution u E E of (jl.ip with A = 
in the sense of 



(\Iu\Iif+-—uLp)dx+ (t)Jx)uipdx^ \uf uipdx, for G C^f (R'^ \ T). (1.12) 

Note that J^^ j;^uLpdx may be not integrable for w G i? and (p E C^(R^), this is why we take ip E C§° {M.^\T) 
above instead of (/? G C^(R'^). So, it is reasonable for us to define a weak solution for (jl.ip as follows. 



3 



Definition 1.1. u E E\ {0} is said to be a weak solution of U.l]) with A ^ i/0„ G Z)^'^(R^) and u satisfies 
I [VuV(p+(-j— j h A)u(^]da; + / (f)u{x)u(pdx — j \u\^ ^u(pdx (1-13) 

Js? wr Jk? J«? 

for all if e Ccf (R3 

We mention that the above definition also enables us to get a classical solution. In fact, ii u £ E and 
4>u € D^'^{R^) satisfies (|1.13l) . by using our Lemmas |4?2] and l43l as well as Theorems 8.10 and 9.19 in [T6] . 
we can prove that u £ C^(M'^ \ T), that is, u is a classical solution of (|l.ip . see Theorem 13. II in section 3. 

For the following single Schrodinger equation 

- Au+ = f{u), X ^ {xi,X2,-- ■ ,xn) eR'^ , N ^ 3 (1.14) 



with \y\ = y^k=i '^1' i < the authors of paper [5 proved that (|1.14p has a nontrivial solution in 
i?^(R^) iia — 2, N>i^2 and f{t) is supposed to have some kinds of double powers behavior which 
ensure that F{u) = J^^ f{s)ds is well defined in L^(E^) when u g D^''^{]&^). In [S], the authors used a 
variational method to seek first a nontrivial solution of (|1.14p in Z?^'^(M^), then they proved this solution is 
in L^(M^). Formally, (|1.14p is nothing but the first equation of problem ()l.ip by taking A = 0, = 3 and 
getting rid of the nonlocal term (j)(x)u. However, even for f(u) = with p e (2,5), F(u) is not well 

defined in Z?^'^(R^), then the method and results of j5] do not work for our problem. For these reasons, 
it seems difficult to choose a working space to solve (11.11) directly if A = 0. In this paper, we prove first 
that (jl.ip has always a solution u\ in _ff-'^(]R'^) for each A > 0, then show that {ux} (as a sequence of A) is 
bounded in E, as mention above we can finally use an approximation process to get a weak solution of (jl.ip 
for A = in the sense of (|1.12p . 

The main results of this paper can be stated now as follows: 

Theorem 1.1. Let a E [0,8), max{2,^i^} < p < 5 and condition {V) be satisfied. Then, problem Hl.l]) 
has at least a positive solution u\ E H C\ C'^{9? \ T) for every A > 0. Furthermore, if X E (0, 1], there exists 
C > which is independent of X E (0, 1] such that the solution u\ satisfies 

IIVuaIIs + / (kuyxdx < C. 

Theorem 1.2. For A = 0, let a £ [0,8) and max{2, ^i^} < p < 5. Then, problem U.l\) has at least a 
positive solution u € E r\ C^(R^ \ T) in the sense of \1.12\) . 

2 Bounded nonnegative (PS) sequence 

In this section, A > is always assumed. Our aim is to known how the functional I\ defined in (jl.9p has 
always a bounded nonnegative (PS) sequence at some level c > in As mentioned in the introduction, 
the authors in [Oj developed an approach to get a bounded (PS) sequence for the single equation (|1.14p 
with certain nonlinearities. By improving some techniques used in [64, we are able to obtain a bounded 
nonnegative (PS) sequence for (II. ip . the nonnegativity of the (PS) sequence helps us to estimate the related 
term caused by the nonlocal term (f){x)u, which leads to a nonzero weak limit of the (PS) sequence. Let us 
recall first a deformation lemma from |24j . 

Lemma 2.1. (1241, Lemma 2.3) Let X be a Banach space, ip e C^{X,R), S C X , c E R, e,S > such that 
for any u E i^^^([c— 2e, c + 2e]) n 825'- v'iu) ^ 8e/S. Then there exists r/ E C([0,1] x X,X) such that 

(i) r]{t,u) = u, ift = oru<^ ip^^{[c- 2£,c + 2e]) n 6*25. 

(ii) 77(1, (f^^^ n 5) C if"^^ , where ip''^^ ^ {u E X : Lp{u) < c ± e}. 

(iii) rjlt, ■) is an homeomorphism of X, for any t E [0, 1]. 
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(iv) (p{rj{-,u)) is non increasing, for any u G X. 

Now, we give some lemmas, by which Lemma l2.1l can be used to get a desirable (PS) sequence. 

Lemma 2.2. Let M > be a constant. IJ ui,U2 G H with A > and \\ui\\h, ||u2||_ff =^ then there exist 
C := C{M,p) > such that 



- I\u2)\\h' ^ C {\\ui - U2\\h + \\U1 - U2\\l) . 

Proof. By ([TJU)) and ([L^ . 

-j {\uif^^ui-\uif^^ui)%i)dx, 

hence (|2.ip is proved if we have that 



^Ui - \u2f ^U2)^dx 



^C\\u^-U2\\H\mH. 



(2.1) 



(2.2) 



jMl - (f>u2U2)lpdx < C {\\ui - U2||_H- + \\ui - U2\\%) \\^\\h- 



(2.3) 



Indeed, using Taylor's formula and Holder inequality as well as Minkovski inequality, we see that there is a 
function 9 with < 9 < 1 such that 



(|ui|^ ^Ul-\U2\^ ^U2)i-!dx 



^ p\\ui - U2\\p+l\\lp\\p+l\\{9ui + (1 - 9)U2)\ZX\ 



^ P(||mi||p+1 + ||m2||p+i)^^"^||u1 - U2||p+l||V'llp+l ^ p{2MY^^\\ui - M2||j9+l||''/'llp+l, 

hence (|2.2I) is obtained. To prove p.3p . we let u = M2 — wi, it follows from (|1.7p that 



where 



/ (0«2"2 - 4'uiUi)ipdx = Ji+ J2 + J3 + ^4 + J5, 

JR3 



Jl 



u^(7/)u(x)V'(a;) 
R3 |a; - y\ 



dxdy^CWvWlMH 



(2.4) 



u^(7/)Mi(a;)V'(a;) 
\x - y\ 



dxdy ^ C||u||^||wi||//||?/'|U 



J3 



Mj(t/)u(x)Vj(x) 

|a; - y\ 



dxdy^C\\m\\l\\v\\H\mH 



j^^.l .i(.).i^.M.)^(x) ,^,^ ^ C||.,||1,|1.|U||V.|U 



^ I Mi(y)w(y)w(a;)'!/'(a;) , , ^ 9 

= 2 / ivy; vy; wv^^ ^ ^^^^ ^ C\\u,\\„\\v\\IU\\h 

\x - y\ 
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here we used the following Hardy-Littlewood-Sobolev inequality (Theorem 4.3 of |19| ) 



f{x)\x-y\ ^h{y)dxdy 



i^Cin,X,p)\\fU\h\\r, 



where p, r > 1 and < A < with i + A + i^2, / e LP(R^) and h e L''(M^), the sharp constant 
C{N, X,p), independent of / and h. Then (I2.3P holds by (|2.4p and the estimates for Ji to J5. Hence Lemma 
Ois proved. □ 

Before giving our next lemma, we recall some basic properties of 0„(x) given by (|1.7p . Let 

ut ■■= ut{x) = t^u{tx) for t > and x e M^, 
then u(x) = {ut)i{x) — {ui)t{x) and 

WVutWl^t^VuWl \\utrp^t'P-''\\u\\Pbrl^p<cx., (2.5) 
/ (j)u,uUx = t^ [ (puu^dx, [ -^dx = f^+"/ ^dx. (2.6) 

7r3 |?/|« 7r3 |?/|« 

Lemma 2.3. If a ^ [0, 8) aKc? max{2, < p < 5, i/ien there exist p>0,5>0, e£H with e ^ and 

\\e\\H > P such that 

(i) I{u) ^ (5, for all u ^ H with \\u\\h = P- 

(ii) /(e) < /(O) = 0. 

Proof, (i) Since H ^ LP(M'^) for 2 ^ p < 6, this conclusion is a straightforward consequence of the 
definition of /. 

(ii) For t > and u G i/ \ {0}, by ([231) . (|2?6|) and the definition of /, we see that 

I(u,)^Us/u\\l + Uu\\l + ^ Y^dx + - ^^(x)u^dx-—-\\u\\lll. (2.7) 

Since a G [0, 8), p > max{2, ^^}, we see /(ut) — > —00 as t — > +00. Hence, for each u E H \ {0}, there is a 
> large enough such that (ii) holds with e = Uf^. Moreover, we may assume that e ^ 0, otherwise, just 
replace e by |e|. □ 

For each A > and e given by Lemma [^31 define 

c :— c\ = inf max Ix(u), (2.8) 
7er«e7([o,i]) 

where F := {7 e C{[0,1];H) : 7(0) ^ 0,7(1) = e}. Clearly, c> by lemmaO Let {t„} C {0,+oo) be a 
sequence such that t„ -> 1 as n — > +00, then by (12.51) it is easy to show that 



6*71 tn^{tnx) e in i/, as — > +00. (2-9) 

Since / G C^{H), it follows from Lemma [2.31 (ii) that there is £ > small enough such that I{u) < for all 
u G B^{e). Again using (|2.9p . there exists to G (0, 1) such that 

et ■= t^e{tx) G Be(e) for ah t G (to, !)■ (2.10) 

For this t^ G (0, 1), similar to [6] we have 

Lemma 2.4. Let to be given by 112. 10\) . Then for all t G (to, 1), we have 

c = inf max liuA 
76r«e7([o,i]) 

where c and F are defined in \2.8]} . Ut = t^u(tx). 
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Proof. The proof is the same as that of Lemma 11 in [3]. □ 

By Lemma l2.4[ we know that for any s e (to,!) there exists 7^ G F such that 

max I{us) ^c+{l- s^). (2.11) 
uetsilo.i]) 

For s e (to, 1), we define a set 

Us {u G 7.([0, 1]) : I{u) ^ c - (1 - s^)}, (2.12) 
then, (j2.8p and the definition of Us imply that C/s 7^ for s E (to, 1)- 

Lemma 2.5. If a & [0, 8) anrf max{2, < p < 5, then for to given by \2.1U\) there exist t* e {to, 1) and 

_ 2(c+2)(2p-l) 4(c+2)(2p-l) , , 



\\u\\jj + / 4>uU dx < M for all u e Us with s e {t* , 1). 
Proof: Let u ^ Us and note that u(x) ~ {us)i, it follows from (|2.5p . (|2.6p and the definition (|1.9p that 

/(^..) - /(«) = i(l - 4,)||Vzi.||2 + 1(1 _ 1)||„,||2 + 1 (1 _ J^^ 

+ 3(1 - pr) /r3 ^uuldx - ^(1 - ^)||^,|1^+J. (2.13) 
For ueUs, ((2?TTt and (I2TT2)) implies that 

/(u,)-/(u) s;2(l~s3), forse(to,l). (2.14) 
By calculation, this and p.lSp show that, for any u G Us, 



da; H „ , „ ^ — rllit< 



p+i 



1 1 /■ 

"V?is||2--/ (t)u,uldx ^2s^. (2.15) 



2" 4_ 
To simplify (|2.15p . we need to use the following facts: 



2 

> -1 for s ^ 0. 



- 1 s2 + S + 1 

- g3+a g« = ^,3_i ' and .g(s) = 5(1) = -1 if a = 2. 

p > implies that > 1 and Eq := 2^1+") G (Ij ^p^)- Hence, there is (5i > small enough such that 
1 — (5i > <o a-iid 



ff(.) ^ = ^ for aU . e (1 - 5„1). 



Let 



g2p+2 _ ^3 ^3 _ 54-2P 



^(*) = g2p+2 _ g2p-l = g3_l fo"^ * S 



then 

r ^ 2p-l (2p-l)g6-^P-3s^-(2p-4)g3-2p 
^hmM.s)^^ andM.s) = ^j^^p , 

h'is)^^-J'^-'}}P-'K0iip>2. 
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This shows that there is (^2 > small enough and 1 — S2 > to such that 

2b — 1 

h'{s) < and h{s) ^ lim h{s) = — - — for all s G (1 - 62, 1) and p > 2. 

S— 3 

For p — 2, h{s) = ^^f^ — 1, so we see that 

2n - 1 

Hs) > — for aU s e (1 - 62, 1) and p^2. 
So, for s e {t*, 1) with T = 1 - niin{(5i, (52}, it follows from p.lSp that 



^s\\2 



2p + a 



12 



liv^.ll^ 



1 

4 



1 2p-l 
P+1 3 ' 

t>u,uldx 2s^. 



p+i 
P+i 



That is 



p+1 



p+i 
P+1 



2p+a 
"4(2p-l) 



/r3 1 1/1° '^^ ■ 



2p-l ■ 



(2.16) 



For ueUs,hy (|2.1ip it gives that 



1 



Il"s|l2 + oll'^"''ll2 + 7 / 4)u,U^dx 



uz J 1 
-ax — 



Hence, it follows from (12+6)) and ((2+7l) that 
2p-2-a -2 



p+1 
P+1 



< c + (1 - 



4(2p-l) 



uz , 2p-4 fx 



-da; 



, 2p - 7 o 



< c+ 1 



2p- 1 
2p- 7 



2p- 1 



s$c + 2if]3>2 and s < 1 . 



(2.17) 



This implies that, if 5 > p > max{2, ^±2} and s e (t*, 1) 



^ll"s||2 + ^l|Vt^.||^ + i 



and 



4)u,uldx < 
(c + 2)(2p-l) 



(c + 2)(2p-l) 



|?/|" 2p-2-a 



2{p - 2) 
for a e [0,8). 



Hence, it follows from (I2.18P and by using (j2.5p and 



(2.18) 



^ II 



l2 I 1 „3|iv7„,||2 I 1 „3 



7;A\^u\\ 



(c + 2)(2p^l) 
2{p - 2) 



Since s G (i*, 1), s > ^ t*^ and s^+" ^ for a e [0, 8), those and p > max{2, ^} imply that 



,u^dx ^ 



2(c+2)(2p-l) 4(c + 2)(2p-l) 



{P - 2)t* 



(2p - 2 - a)t^ 



■.l+a ■■ 



(2.19) 
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and Lemma 12.51 is proved by taking M — '^^'^(^'^^2)1*^ + (2p-"2-a^)t* i+° ■ '-' 

Note that M given by the above lemma depends on A, since c depends on A by the definition of /. The 
foUowing lemma is for getting a bounded (PS) sequence. In this lemma, the constant M can be chosen 
independent of A if A S (0, 1]. 

Lemma 2.6. If a E [0,8), max{2, ^i^} < p < 5 and c be given by Ii2.8\) . Then there exists a bounded 
nonnegative sequence C H such that 

I{un) -> c> 0, /'(u„) -^0 asn^ +oo, (2.20) 

Moreover, if X € (0, 1] there exists Af > which is independent o/ A G (0, 1] such that 



Proof: For t e (t*, 1) with t* given in Lemma [231 let 

Wt = {\u\ : u e Ut}, Ut defined in (l2l2ll . (2.21) 
and then for w G W*, by ((2l9)) ((2Jl) and (|2lT|) we have that 

I{u) - I{ut) = -(1 - t3)|lV^|l^ + -(1 - t)\\u\\l + j^^ —dx 

< (1 - (^Il«ll2 + ^l|Vw||^ '^""''^'^ 

-ax 7\\ut 



/A 1 1/" \l — t^P~^ 

< (1 - i') Il"ll2 + 2"^""2 + 4 + ^2p-i -^("0 

(c+ 2)(2p- 1) , 1, c + 1 

^ ' (2p-4)t*3 ^ >^*2p-i 

On the other hand, similar to (|2.14l) we know that 

I(ut) - I{u) < 2(1 - t^) ^ as t -> 1". 

Hence, 



limsup \I{ut) - I{u) \ = 0. (2.22) 

t-i-l- u(£Wt 



Define 



S ~ <\u\ : u £ H and + / (p^u^dx < M > , where M is given by Lemma [^751 

I iR3 J 

Ss^{u:uC,H and dist{u, S) < 5} , 5 e (0, 1). (2.23) 
Clearly, ^ \/M + 1 for all v G 5*5. Then, by Lemma [2.2) there is a constant K := K{M) such that 

\\I'{u)- I'{v)\\h' < K\\u~v\\h for ah u,u G 5*5. (2.24) 

and since / G C^{H,R), there exists Cs > such that 

\\I(u)~I{v)\\h ^ Gs\\u-v\\h for all w, u G 5-5. (2.25) 
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For any m E N and M given by Lemma [2.51 let 

A,^ = \\u\:ueH, \\u\\ji + [ (j)uu^dx <M+— and \I{u) - c| jl^ I . (2.26) 

We claim that A„i ^ 0. Indeed, for any m ^ 1, since (|2.22p we can find tm G (<*, 1) such that 

1 - trn^ < t;^ and I{u) /(ut„) + for ah u e T^t„. 
62m Aim 

Then it follows from (|2TT1) and ([232]) that 

sC /(u) s$ c + -5— for ah u e Wt^ . (2.27) 



32m 16m 

By the definition of Wt^, Lemma [^31 implies that \\u\\jj + J^^ (fyuU^dx < M for all u G Wt„^. This and (|2.27p 
show that VFf^ C A^, that is A^ ^ 0. 

Next, we claim that there are infinitely many elements in {A„j}^'^j^, which we still simply denote by A.^ 
(m = 1, 2, • • • ,), such that for each m ^ 1, there is € A„j with 

WI'MWh- < K is given by ^M- (2-28) 

Vm 



Then, to prove Lemma 12.61 we need only to show the above claim. By contradiction, if the claim is false, 
then there must be a number to S N with m > max{-^, 4} such that 

1 + K 

\\I'{u)\\h' ^ — for aU m > m and u € Am- (2.29) 



By the above discussion we know that Wt^ C Am- For any u S Wt^, the definition of Wt„^ and Lemma 1275 
show that + J^3 4>uU^dx ^ M and Wt^ C S*. Hence, 

Wt„. C 5 n {m € : |/(u) - c| < -^-} (zSr\{u(^H : \I{u) - c\ < '^^^^ } C A^, 

8to vm 

where (P7?7)) is used. Then 

Sn{ueH: \I{u) -c\< ^^^^} ^ 0. 



Let £ = T^, <5 = 57^' then f = -i= < i < 1, since m > max{J^,4}. So, 

(5')2(5 = S_L_ = \u : u E H and dist(u, S) < —j= 

^TO 

By the definitions of S and A„i , we have 



S' n {m e : |/(m) - c| < C Am. 



Hence, for any ?i G S" n {u G iJ : \I(u) - c| < %±i} C A,„, 



\\1\u)\\h- ^5 for aU to > m. (2.30) 



For any v G n {u G : |/(m) ~ c\ < a^}; it is not difficult to know that there is mq G such that 

\\u^-v\\h<^. (2.31) 

VTO 
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This and (P?^ show that 



\\I{uo)^c\\h ^ \\I{v)-Iiuo)\\H + \\Iiv)-c\\H 

^ \\Iiv)-c\\H + -% 



That is uo e S n {u e H : \I{u) - c\ < ^^}. Then, it follows from ([224]), (|230| and (|23T1) that, for 
V & S^n{ue H : \I{u) ~c\< 

\\I'iv)\\H' = \\r{v)-I'{uo)+I'iuo)\\H' 

^ \\I'{uo)\\h' -\\l'{v)~r{uo)\\H' 
1 + K 

> — ^ K\\uo-v\\h 



1 + K 1 1 



Applying Lemma [2T] with X = H, ip = I, wc know that there is an homeomorphism ri{t, ■) : [0,1] x H ^ H 
such that 

r](t, u) = u, if t = or u ^ n {u e H : \I(u) - c| < 7— I; (2.32) 

8m 

7(77(1, u)) s; c ~ biueSn{ueH: |/(u) - cK -^-}; (2.33) 

lorn OTO 

I{T]{t,u)) < /(w), for any u e H. (2.34) 

Let ^(u) := 77(1, u) and 7(t) = ^(|7t™(i)|) e C'([0, 1], 7J). By m > tti > max{^,4}, c > then {0, e} ^ 
S 1 n {u e : |/(w) — c| < g^}, since /(e) < and |/(e) — c| = c + |/(e)| > c where e is given 

by Lemma [231 With this observation and ((O^ we see that 7(0) = C(l7t™(0)|) = C(0) = f?(l,0) = 0, 
7(1) = C(|7f„(l)|) = C(e) = ^(l,e) = e. Hence, 7 G F, with F defined in (12.81) . For each m ^ fh, let 
Um G 7([0, 1]) be such that 

/(^(|u„|)= max /(^(|u|)) = max /(v) ^ c. (2.35) 

'"67t,„[0:l] fe7[0,l] 

Since & 7t„ [0, 1], \um\ & |7t„, [0, 1] | = : u G 7t,„ [0, 1]}. We are ready to get a contradiction in both of 
the following two cases. 

Case A: If \um\ G l7t™[0, 1]| \ then (|2.34p and the definition of Ut^ imply that 

I{aWm\) = /(??(1, |Mm|)) SS I{Um) < C ^ (1 - 4) < C, 

which contradicts (|2.35p . 

Case B: If G C/t„, then by ((2?2T1) G Wt„, and ((2?27|) implies that |/(|Mm|) - c| ^ Moreover, 
ll^mlllf + Jt^3 0ti™"m^c?a; ^ M by Lemma [^31 Hence \u„i\ e S Ci {u € H : \I{u) — c| ^ T5m ^^'^ follows 
from (^35)) that 

= /(?7(1, |w™|)) < C - < C, 

this is a contradiction to (|2.35p . □ 



3 Existence for A > 0: Proof of Theorem 11.11 

Motivated by [S], we prove Theorem 11.11 bv a result due to S.Solimini [22], which is a version of so called 
concentration-compactness principle. To state this result, we should recall the operator Ts,^ and its basic 
properties. Let s > 0, A'' > 3 and ^ G be fixed, for any u G L'?(K^) {1 < q < +oo) we define 

Ts^^u{x) = T(s, ^)u{x) := s~^u{s-^x + 0, Va; G E^. (3.1) 
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Clearly, T{s,Ou G L?(R^) if m G L«(R^) and T{s,0 is also well defined on Hilbert space D^-'^{R'^) with 
scalar product 

\/u\7vdx, for u,v e D^^^{R^), (3.2) 
since T{s,^)u € D'^''^{R'^) if u € ^^^^(R^). It is not difficult to see that the linear operators 
u e L^'{R^) ^ T{s,^)u e L^'{R^) and u e D^'^iR'^) T{s,Ou e D^'^{R^) 
are isometric, where 2* = Moreover, we have that 

T-^ = T{s-\~sO, T.^iT,,,, = r(sAi,e//i + ??). (3.3) 

\\VT,^^u\\l = \\Vu\\l WTs^^uWl^s^-'^Ml. (3.4) 
For ^ 3, fee [2, A^) and x E M^, in this section we denote that 

X = {y, z)£R'' X R^-^ i.e. ?/ G R^ z G R^"^ 

y = (2/,0) e X R^-^ z = (0,z) e R'^ X R^-^ Similarly, Xn = (y„,Zn) € K'^ x R^-^ zj„ = (y„,0) G 
R*^ X R^-'''. 

Lemma 3.1. ('5l, Proposition 22) Let C R^ be such that lim |?7„| = oo and fix R > 0. Then for any 

n— >-oo 

m G N \ {0, 1} there exists Nm S N such that for any n > Nm one can find a sequence of unit orthogonal 
matrices, {gi}"^i G 0{N) satisfying the condition 

BnigiVn) n Bji{gjT]„) = 0, for i ^ j. 

Lemma 3.2. ('51, Proposition 11) Let q e (l,oo) and {s„} C (0, oo), {f„} C R^ be such that s„ A s ^ 0, 
^„ A ^. Then 

Ts^^^^Un Ts^^u weakly in L'^{R^), 

if Un u weakly in Tci{Ta>N\ 



Lemma 3.3. Let {sn} C (0, oo), {^n} C R^ be such that Sn sq ^ 0, f„ A ^. If Vn v weakly in 
D^^^{R^), then 

^s„,^„^n ~^ '^so,^'^ weakly in D^''^{R^). 
Proof For any ip G C^{R^), by jSJ]) we get that 

Since 

lim \\V{Ts^fiip-Tsofiip)\\l = lim / \VTs„fiip\'^dx + \VTsgfl(p\'^dx 

- 2 lim / S/Ts^fif'^Tsgfi'f = 0, 

we have 

{Vn,Ts„fi(p-Tsafi(p) < |lVw„||2|lV(Ts„^o¥' - 7'so,0<y5)ll2 A 0. (3.6) 

By Tso,o(p G C(f (R^) and w„ ^ w weakly in Di^^^j^JV^,^ ^lave 

{vn,Ts„fiif) {v,Tso,o(p) = {T;r_^ioV,ip). (3.7) 

12 



It follows from ([XS]) to ([XT)) that 

(T->„, ^) ^ (r,-;>, for any ^ e Co°°(M^). (3.8) 

On the other hand, for any ip e ^^'^(M^) and any e > 0, there exists tp g C^(M^) such that \\V {ip - tp)\\2 < e 
and 

(T->„>-^) ^ ||V(T->„)ll2||V(i^-^)||2 - ||Vi;„||2||V(V-^)||2, 
this and p.8p imply that 

(r->„, ^) ^ (T->, for any ^ G Z^^'^^R^)^ □ 

Lemma 3.4. (1221, A corollary of Theorem 1) If {un} C Z3^'^(M^) is bounded, then, up to a subsequence, 
either u„ A m (M^) or there exist {s„} C (0, oo) and {^„} C smc/i </ia< 

Ts^^^^Un ^ u ^ weakly in (R^). 

Let 

we see that Dl'^{R^) C Z)^'^(R^) is a closed set, hence _D^'^(R^) is a Hilbert space with scalar product 
as p.2p . Based on Lemmas 13.11 to [3^ we have the following lemma which ensures us to get a nontrivial 
solution for (|l.ip without proving the (PS) condition. 

Lemma 3.5. If {un} C Dl''^{M.^) is bounded and there exist {s„} C (0, +oo) and C R"'^ with Xn ~ 

{yn,Zn) e R*^ X R^-'^ such that 

T{sn, Xn)un ^ u^O Weakly in (R^). (3.9) 

Then 

Vn = T{sn,0)wn ^ V ^ {) Weakly in D].''^{U.^), 

where Wn — r(l,z„)M„ and z„ = (0, z„). Moreover, if {un} is also bounded in L'^{M.^) for some 1 < q < 2* , 
then, there exists constant I > such that s„ > / for all n. 

Proof: The proof of this lemma is almost the same as that of Lemma 23 in [5". But for the sake of 
completeness, we give its proof. 

Since {m„} is bounded in Z)^'^(R^), by the definition of T^^^ we see that {w„} is also bounded in _D^'^(R^). 
Then there is u € Dl'^{R'^) such that 

= T{sn, 0)u;„ ^ V weakly in ^^.^'^(R^). 

We claim that w ^ 0. Otherwise if w = 0, then it leads to a contradiction in the following two cases. For 
Xn = {Vm Zn), wc uote that 

Vn = iVn, 0) e R'= X R^-^ z„ = (0, z„) e R'= X R^-^ 

Case A: If {s„y,i} C R^ is bounded. Then, there is yo = (2/o,0) e R*^ x R^"'^ such that s„y„ yo and 
from p.3p we have 

'^'i -s,i5„'?'s„,y„w„ = Ti _s„a„rs„,a;„u„ ^ Ti 7^ in (R^), 
where we have used assumption (13.91) and Lemma 13.21 On the other hand, since v = 0, from p.3p we have 

Ti-s„y„Ts^^y^Wn ^ Ts„,ow„ = w„ in D^'^(R^), 
then we have a contradiction. 

Case B: If \snyn\ — >■ +00. We claim that there is also a contradiction. Indeed, since u ^ 0, there exist 
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n C K.^, ^ and k > such that u > k or u < ~k a.e in fl. So we can choose i? > such that 
\BB.nn\ > and 



^ K\Bjinn\ > 0. 



But, 



Then, 



■/R« JBr 

\Vn\dx 



< Cr- 



IVnf dx 



This imphes 



Since |s„y„ 
that 



inf 



vJ'^'dx > e > 0. 



" JBRis„y„) 

-oo, by Lemma [3.21 we have that for any m £ N we have C 0{N) and n,,,, G N such 



/ |m„P dx = |w„p dx |^'nP da: 



m / l^^nP dx > me for ?i > Tim, 

'BR(s^y^) 



where we have used %iA\ and v{y,z) = v{\y\,z). Let m — >■ oo, we have ||wn||2* ~> +oo, which contradicts 
that {un} C is bounded. 

Now we can choose (p £ C^(R^) satisfing j^jv wc/jda; ^ 0. Choose R > such that suppip C Bj,;. Since 
u e ^ r(s,Ow e D^-'^{M.^) is isometric, we obtain {Ta„,oW„} is bounded in D^''^{Br), so is in 

L^{Bb), hence T'is„,ow„ ^ w in L^{Bfj). Then we have 



Ts^fiWnfdx = / Ts^fiWnfdx — !■ / vipdx — I v(pdx 7^ 



On the otherhand we have 



Ts^fiWn(pdx 



^ II '/'II oo l-Bi^l 5 \\Ts^fiWn\\Li(BR) 



1 sup||w„||,. 



Since 1 < g < 2*, — — -^^^ > 0. So, if hni s„ — 0, we obtain a contradiction. This imphes that there exists 
I > such that inf s„ > since s„ > for all n.D 



Lemma 3.6. Let u £ D^''^{M.^) \ {0} be a nonnegative function, and K C he a closed set with zero 
measure, Then there exists £ C^{M.^ \ K) with f ^ such that Jjj„ 'Vu^cpdx > 0. 

Proof. Since K C is closed and u 7^ 0, we can choose a ball B CC \ K, and a nonnegative 
function / £ C^{B) C C^(]R^ \ K) such that 4„ ufdx > 0. Otherwise, we should have that u{x) — 
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a.e in a; € \ and it follows from \K\ = that u{x) ~ a.e in x G M^, which contradicts m 7^ in 
Di'2(R^). Then the problem 

f -Aw = /, a; e B 
\ w = 0, a; e as 

has a nontrivial solution ^ on i? and G C^{B). Setting 

_ J X e B 

~ \ 0, X e \ 

Hence, 

/ Wu'V(pdx — / ufdx > 

□ 

Based on Lemmas l3.5l and l3.61 we prove now the following theorem, which is important for proving our main 
Theorems O and O 



Theorem 3.1. Let C E be nonnegative sequence such that ||un||_E + /r3 4'u„u^dx ^ C and 

I [S/UnVip + {-r\- + Xn)Un'f]dx + [ (j)u^{x)Unipdx = [ W„''<^dx + o(l), (3.10) 

Jm \y\ Jm Jr^ 

for any ip G {M.^ \ T) , where a > 0, p € (2,5) and A„ 5^ with A„ A Aq < +oo. does not converge 

to in L^(M.^), then there exist {zn} = {(0, z„)} C x M and nonnegative function w ^ E \ {0} such that 

Wn = T'i,j„Mn — ^ w wcakly in E, 

and ^ 

/ [Vw\/(p + {— \- Xo)wip]dx + / (j)w{x)wipdx = / w^ipdx, (3-11) 

jR3 \yr Jr" Jr^ 

for any (p G C^f (R^ \ T). Moreover, \\w\\e + /r3 (ji^^w'^dx C and w e C^iM.^ \ T). 

Proof. If {u„} C E does not converges to in L^(IR'^), by Lemma [3.41 with = 3, there exist {sn} C 
(0, +oo) and {a;„} C with .x„ = {yn,Zn) G x M such that 

Ts^,x„Un ^ u =^ weakly in L^(M^). (3.12) 

Let 

f„ = (0,z„) e X Ri, w„ = ri,£„u„ =T(l,z„)u„(x). (3.13) 
By p.l2p and Lemma [531 with iV = 3, we have that 

Vn = T,^fiW„ ^v^Q, weakly in Z^^'^^R^)^ (3^^4) 

where v is nonnegative. And we claim that s„ > I > for all n G N. Indeed, since — A0„^ = m^, we easily 
conclude 

/ \un\'^dx — / V(/)„„Vu„da; and / cfy^^u^dx ~ / |V0„„pc?a;. 
By using Holder inequality, we deduce that 

2 / \un\^dx< / |Vw„pda;+ / | V(?!)„„ pda; = / |VM„pdx+ / (j>u„uldx<C. 

JR3 JK3 7r3 Jr3 

So, by using Lemma [3.51 with = 3 and q = 3, there is Z > such that s„ > I for all n G N. 
Stepl: There exists L > I > such that s„ < L for n E N large. 
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Recalling the definition of T in (|l.lip . we have |r| = 0. Since w ^ 0, by Lemma \TM we have a nonnegative 
function ipi G Ci^{R^ \ T) such that 

VvVipidx > 0. 



It follows from (j?!^ and ([51^ that 

/ (V(Ts„,£„u„)Vv3ida:: ^ / WvWifidx > 0. (3.15) 

Noting that T^^^^^V^i (x) = skfiisnX - s„z„), then r^';|5^<y5i(a;) € C^{M.^ \ T), by ((XTU)) . as n ^ +oo, we 
have that 

/ 4'u„UnT~'^^ cpidx + I [VM„V(r7^j Vi) + (^ri + 74^)unTs~^£ (^sildo; 

jR3 "' " jR3 "' " \y\ 



It follows from u„ ^ and A„ ^ that 



/ Vur,ViT-^\^ipi)dx^ f ulT-^\^ip,dx + oil). 

■/R3 JR3 



That is 



/ (V(Ts^.i;,^U„)V(^idx ^ Sn^ / 

Jr3 ■/R3 



{Ts^,?.„Unfipidx + o(l) 



p-5 



^ Csn^ \\T,^rz,Un\\l + for 2 < p < 5 

^ CSn^\\VUn\\l + 0{l) bv (IXTj) . 

Since {w„} is bounded in if s„ — cxo, it follows that limsup /jja (V(Ts^^j^u„)Vi^(ia; ^ 0, which contradicts 

n— f oo 

with ((XT5|) . 

Step 2: {wn} is a bounded sequence in E such that for any G C^(R^ \ 2^)1 as n — > +00, 

[Vw„V93 + (-^ + A„)w„(^]da; + / (a;) w„(/?da; = / Wn^tpdx + o{l). (3.16) 

|yr jffi3 

By the definition of r,.^ in p.3p . we have 



7r3 ' 

hence, HuinUl; ~ \\Ti,i^Un\\% — \\un\W ^^"^ {''^n} is bounded in E. By the definitions of Ti in p.3p and 
in (|1.7p . it is easy to see that 



i'ur.UnT-^l ^dx = / Ti^i^{(j)u^Un)^pdx ^ / (f)w^Wn(pdx, 
' " JR3 JR3 

/ [Vu„VTf| + (-^ + A„)u„rf (p]cfx / [VwnVv? + (-^ + A„)w„(^]da;, 

jR3 ' " \y\ ' " \y\ 



and 
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Those and ([XTU)) imply that ((XTC)) holds. 

Step 3: Wn ^ w ^ in E and w{x) ^ a.e. in x G M"^. 
By Step 1, there exists sq G [l,L] such that, passing to subsequence, s„ A sq. Then, it follows from p.l4p 
and Lemma 13.31 that 

Wn = T-\vn^T^,oV^O weakly in Dl^^{R^). (3.17) 



By Step 2, there exists w £ E such that, passing to a subsequence, Wn ^ w weakly in E, since E G D]. 
we have {Dl'^{M?))* C £:*, hence w„ ^ w weakly in Dl^'^{M?), it follows from (|3T7l) that u; T_l ^ 

and wlx) ^ a.e. in a; € R'^, since w > in (I3.14p . 
Step 4: (j)^ e i:>i'2(M3) and ({3111 holds. 

For each n e N, ||V(/ito„||2 = /r3 — J^r, (f>u^u'^dx, hence, /j^g (pu^u^dx < C implies that is 

bounded in ^^^^(M^). So, there exists e D^-2(M^) such that ^ weakly in ZJJ'^^rS^^ ^Yv&X is 

/ \7(t)y,^\Iipdx^ ( V0V(pda;, for any e C5"(IR^). (3.18) 

On the other hand, for any Lp e C^(M'^), we have 

/ '^(f'wn'^fdx — / vy^ipdx and / w'^ipdx A / w^ipdx. (3.19) 

It follows from (|3?T8| and (|3T9)) that 

/ V<?!)V(/3dx = / wVrfa: for any V? e C^(M3). 

So, (/) is a solution of — A(/) = in the sense of distribution. Since w € E C L^(M3), 4>w{x) — J^s j^^r^dy G 
^2,3^]^3-j xheorem 9.9 in [16j, hence (f>w satisfies — A(/)^ = w'^ in the sense of distribution (Theorem 6.21 
in ^9\). By uniqueness, we have (j)w = 4> & Dl'^(R^). It follows from p.lSp that 

</'u.„ ^ (/>™ weakly in ^.^'^(R^). 
Then (see (3.18) in Tf for the details), for any ip G (^^^'(K^), we have 

4'wn{x)wn(pdx ^ / cj)w{x)wipdx. 



For each bounded domain C and q G (1,6), it follows from (I3.18|) and the compactness of Sobolev 
embedding that Wn w strongly in L'^{il). Hence, for any ip G C^(M'^ \ T), 



/ {\/Wn'^'P + {-r-T- + X,i)Wnip)dx [ (Vu)V(^ + (-^ + Aq' 

\yr Jr3 \yr 



WLp)dx 



and 

/ w^ipdx —A / w^(pdx. 

JR3 JR3 

Those and (|3TT6l) imply that (|3?TT|) holds. 

Step 5. ||w||_B + /r3 4'w'w'^dx < C. 
By Step 3, we have Wn w weakly in E, and Step 4 implies that 



/ (/iniw"^ dx ^ WVcpwWl and ^ weakly in D^'^{^^'^ 

JR3 

and the lower semi-continuity of norm implies that 

\\w\\e ^ liminf ||w„||£;. 
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and 

/ 0toW^rfa; = II V</>iu||2 ^ liminf II V(/i^ ||2=liininf / (j)^ w'^dx. 
Hence, by p.l3p . we have 

/ (t>ww'^dx ^ liminf < ||m„||£; + / (/>t„„w^dx> 

JR3 ri^+oo 1^ 7jj3 J 



\\M\e + 



liniinf < ||wn||_E + / (pu^u^^dx \ ^C. 

n— ^+00 



Step 6. w{x) e C2(M3\r). 
Since Aq > and w{x) > for a.e. x € M'^, it follows from p. lip that, for any nonnegative function 

V g c°°(R3\r), 

VwVvdx < / wPydx. (3.20) 



Then, Lemma 14.21 in section 4 imphes that p.20p holds also for any nonnegative function v e H^{M.'^). 
Note that, for any nonnegative function ip e C^(R'^) and any nonnegative piecewise smooth function h on 
[0, +00), h{w)if G _ff^(R^). Take v = h{w)(p in p 20p . then we see that (|4.7p in section 4 holds with u = w 
and = 3. Hence, by Lemma f4.3[ we have w G L°°(M^). Let f2 CC R'^ \ T be a bounded domain with 
smooth boundary, then -jiy is a smooth function in VI and w G Vl^^'^(r2) is a weak solution of 

- Aw(a;) = /(a;), x G rj, (3.21) 

where f{x) — \wY'^^w{x) — (j)w{x)w{x) — (Aq + ■^)w{x). Since w.cpw G W^"^'^(f2) and w G L°°(ri), we have 
f{x) G M^^^^(il). By using Theorem 8.10 in [16], we get w G W;'^'^(f2). Then, Sobolev imbedding theorem 
implies that w G C]l^{^), hence 4>w{x) G Cf^^'^{^) since 0^(x) is a weak solution of — A(/)(x) = z/;^(x) in 
i:>i'2(r2). It follows that f{x) G C]l^{^). By applying Theorem 9.19 in [16] to (|33T]) . we have w G Cfjy'^(17). 
Sou;gC2(R3\T). □ 

Proof of Theorem 11.11 Let {u„} C be the bounded nonnegative (PS) sequence obtained by Lemma 
12.61 then there exists C > 0, which is independent of A if A G (0, 1), such that 

/ (j)ur,Un^ dx ^ C and u„(x) ^ a.e. in x G R^. (3.22) 

Hence, 



II 11b + / dx < C, Un{x) ^ a.c. iu X G R . 

And (|Z!20)) implies that (|3TT0)) holds with A„ = A > 0. If {u„} does not converges to in ^''(R^), by Theorem 
13. 1[ there exist {zn} — {(0, z„)} C R^ x R and nonnegative function w £ E \ {0} such that 

Wn = Ti^i^Un w weakly in E, (3.23) 
/ [VwV^j + (-j— j \- X)w(p]dx + / <j)iu(x)w(pdx — / w^(pdx, 

Jr3 \yr JR3 jR3 

for any ip G C^{R^ \ T), i.e., w is a weak solution of dTT]) in E. Moreover, w G C'^{R^ \ T) and 

\\w\\e + [ 4>Wdx C. (3.24) 



Now, we claim that w <£ H. In fact, by p.3p and p.23p . we have ll^nllif = ll^nllff and ||w„||if is bounded, 
so there exists w* £ H such that 

Wn w* weakly in H and w„(x) — > w* (x), a.e. in X G (3.25) 
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On the other hand, p.23p impHes that 



Wn{x) A 'w{x), a.e. in a; € 



This and (|3.25l) show that w — w* G H. Moreover, if A G (0, 1), Lemma [2.61 shows that there exists M > 
independent of A e (0, 1) such that (|X22)) holds with C = M, then ((3?24| holds with C = M. Hence, to 
complete the proof of Theorem ll.il we only need to prove that {u„} cannot converges to in L^(R'^). For 
r G (2,6), by Holder inequality we have 



\Un\''dx 



1 1 2 II 1 1 6 



where q=-^>l, q' = -^ = :^>l- Hence, if u„ A in L^[M?), then m„ A in U{M?) for r e (2, 6), 
this and (|1.8p imply that /jjg 0„„ (a;)u„^da; A 0. Therefore, by (|2.20p we have that, for p e (2, 5), 



c — lim 

n— f oo 

^ lim 



4>u^{x)Un^dx + 



p-3 



2(p 



= 0, 



this is impossible since c > 0. □ 



4 Existence for A = 0: Proof of Theorem 11.2 



We need more lemmas as follows to prove Theorem 11.21 For any iV ^ 3 and domain 51 C M^(f2 can be 
bounded or unbounded), let F C fl be a closed Manifold with codimT = k ^ 2. Then, 

Lemma 4.1. C^{n \ F) is dense m H^{n). 

Proof: For each u g H^{n) nCf^{n\ T)-^ and ^ G C^{n \ F), we have 

(^,^>Hi(f2) =0, (4.1) 

since C§°{n \ F) is dense in H^{n \ F), it follows that 

(w, V') Hi m = for any ^ G {n\T). (4.2) 

It is true that C(^{n \ F) is dense in H^{n) if C^{n \ T)^ D H^{n) = {0}. Hence, we only need to show 
that dm]) holds with aU ip £ C^{^1) as follows. 

For any ip S C^{fl), let flo = suppi^. If rJo n F = 0, then tp e C{^{n\T) and (|4TT|) holds with = 
Otherwise JIq n F ^ 0, setting Fq = flo H F, and for any d > Q small enough that we have set Td '■= {x E : 
dist{x,To) <d} Cfl. Let 



dist{x,T2d) 



d 



3d, 



xen\ Fgrf, 



then ipd{x) G C°''^{rt) and Wi'dWcO'^in) ^ g- Let (^<j := (^(1 - ipd), we have (pV'd € -ffo(ri \ F) and (pd G 
-ffo(r3d). It follows from (g^]) that 

(m, = {u, (fid + ^tpd)H^ = {u, <Pd)H^ + {u, (pilJd)H^ 

= (u,(y5<i)ffi ||it||Hi(r3d)ll¥'d|ki(r3d)- (4-3) 

By the definition of ipd, we have 

\MW..)= f ^ldx^AMl^^,,^\r,d\'^0, (4.4) 
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codimT—k 

since fc ^ 2 Cd''-^ < C. (4.5) 



And I Fad I — > implies that 



l^llH^(r3.)'^°0. (4.6) 



It follows from gS]) to gU that holds for aU 0£C^{n). □ 

Lemma 4.2. {i^ e i/pC^ \ T) : "^(a;) ^ 0} is rfense in {^p G ffo(fi) : V'(a;) ^ 0}. 

Proof: Lemma HTTl shows that for any u{x) G HqIH), there exist {93„(a;)} C C^{ft \ F) such that 

This lemma is proved if we have 

\\\^n\ - \u\\\mm 0' 

which is true by the following two facts, 

^ \\\^n\ - \u\\\l = [ l-fnl^ + \u\^ - 2\ipn\\u\dx 



Jn 

^ \\\^n\-\u\\\li,2 = [ \V\^n\\^ + \V\u\\^ -2V\^n\y\u\dx 

= / |V((^„-u)pda; + 4 / Vip+Vu- +Vip;,Vu+dx 0. □ 

Lemma 4.3. (Lemma 3.2 of fT^) Let N ^ 3, p e (1, f^) and let u G D'^''^(R^) \ {0} be a nonnegative 
function such that 

VuV{h{u)ip)dx < / \u\P-^uh{u)ipdx, (4.7) 



holds for any nonnegative (p G C^(R^) and any nonnegative piecewise smooth function h on [0, +oo) with 
h' G L°°(R). Then, u G L°°{R^) and there exist Ci > and Ci > 0, which depend only on N andp, such 
that 



\\u\\^^C^[l + \\u\\^.?) \\uh-^ 



Lemma 4.4. Forp > 2, let {u, 0) G i?^(M'^)nLP+-^(M'^) x D^''^{S?) he a nontrivial nonnegative weak solution 
of the following problem 

-Au + /i0(a;)w < x G R^, , . „x 



where /i > 0. Then 

\\u\\oo > ti^^. 

Proof: By assumption, (w, 0) G i/^R^) n LP+'^{9?) x ^^'^(RS) is a weak solution of (j4?8| . then, for any 
nonnegative function v G i?"'^(R'^) n L'p^^{E?), we have 



/ VuVwdx + /i / (t){x)uvdx — / ^uwdx < 0, 

Jr3 



(4.9) 
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/ W(j)Vvdx = / u^vdx. (4.10) 
For c > 0, adding c /j^g v?vdx to both sides of (|4.9p . and using (|4.10p we get that 

VwVwda; + / [cw^ — |u|^~"'^u]'y(ia; + ^ / (f>{x)uvdx 



(4.11) 

<c/ V^Vwda;, for any w e i7i(M3) n iP+^(R^). 

In the following, we mean that W-^-{x) ~ maxjO, ^(a;)} for any function w{x) on MP. For the above c > 0, 
we let e > small, 

wiix) = {u{x) - c<j){x) ~ e)+ and fii = {x G : ^1(2;) > 0}. (4-12) 

It is easy to see that u{x) and 4){x) > a.e. a; g R^, then wi G H'^{R^) n LP+^{R^) and 

M(a;)|ni > C(j){x) > 0. Taking v{x) = 'Wi{x) in (|4.1ip . we see that 

/ \/u\7widx + 

However, for ah x G f^i we have cu^ - \u\'p-^u > if c = Sp^^ with S = ||u||oo- Then, let c = iJ^^^ and (liT^ 
implies that 

/ VuVwidx — c V4)Vwidx ^ 0, 
Jfli Jq.1 

that is, 

/" \/{u~ 5P-'^(t))\/widx = I iVwipdx^O. (4.14) 

Jill ^Oi 

Hence, either — or wi\ni = constant, this means that u{x) ^ 5P^'^(t){x) + e a.e. x G M"^. Let e ^ we 
have 

u(x) 6P-'^(t>(x), a.e. in x G M^ (4.15) 
To prove that ||it||oo > /i^'p^^' , we let u = it in (|4.9p . it follows that 

/ |Vwpdx + ^ / <p{x)u^dx~ uP+^dx<0, 

JR3 Jr3 Jr3 

that is, 



This and (|4.15p show that 

{uP'^ - ti5^-P)u^dx>0. 



Hence, 6p ^ > /i(5^ p hy p > 2. On the other hand, by using m 7^ we have S > 0. Then ||m||oo = S > /i^tp-^) , 
□ 

Proof of Theorem 11.21 By Theorem ll.li we know that, for each A G (0,1), problem (|l.ip has 
nonnegative solution ux € H \ {0} such that ||ma||_e + /r3 (pu^uj^dx ^ M and p.lOp holds with u„ = ma and 
A„ = A. Since u\ ^ 0, it follows from p.lOp that 

yuxVipdx+ / <j)u^{x)uxipdx / M^vjdx for all v? G C^(M^ \ T), ^ ^ 0. 

JR3 JR3 

This and Lemma 14. 2J show that 

VuxVvdx + / (t)u^ix)uxvdx < / w^wdx for aU v G iJ^(R^),u ^ 0, (4.16) 
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it follows that (|4.8p holds with u = u\ and /i = 1. Hence, by Lemma BTH we have 



||"a||oo > 1 for ah A > 0. 



(4.17) 



Meanwhile, for any nonnegative function ip e C^(K'^) and any nonnegative piecewise smooth function h on 
[0,+oo), we see that h{u\)(p e H^{R^). Let v — h{u\)(p in (|4.16p . it follows that (|4.7p holds with u = u\ 
and = 3. Hence, by Lemma [4.31 we have 



So, (I4.17P and (I4.18P imply that u\ does not converge to in i^(R'^) as A 0, then Theorems 13.11 shows 
that there exist nonnegative function u ^ E and u 7^ such that. 



Moreover, w e C^iR^XT). □ 
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